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1 Introduction

Matrix-valued time series models have recently gained significant attention for their abil-
ity to capture complex interactions across row- and column-dimensions. In macroeco-
nomics and finance, such data structures are common. A prominent example is macroe-
conomic indicators collected across multiple countries. A standard approach is to stack
the matrix into a long vector and to apply standard multivariate methods, but this often
overlooks important within-row and within-column dependencies. Research on statistical
methods for matrix-valued time series is still evolving, and matrix factor models are be-
coming popular due to their ability to reduce dimensions, particularly in high-dimensional
settings. Wang et al.| (2019) introduce a factor model for such matrix-valued time series.
Subsequent work has extended this framework in various directions: (Chen et al. (2020)) in-
corporated linear constraints to include prior knowledge, [Liu and Chen! (2019)) developed

a threshold version, and [Chen et al.| (2024) allowed for time-varying loadings.

We extend this literature by proposing a class of Bayesian matrix dynamic factor mod-
els (MDFMs) with several useful features for empirical macro-finance studies. First, we
model factor dynamics using an autoregressive (AR) process, which enables persistent
comovement and recursive forecasting[l] Second, we build an approximate factor frame-
work that allows for both temporal and cross-sectional correlations in the idiosyncratic
componentsﬂ On the time dimension, we incorporate common stochastic volatility, fat-
tailed errors, and COVID-19 outliers, reflecting key empirical features observed in recent
macroeconomic data (e.g., Lenza and Primiceri, 2022; |Carriero et al. 2024a)). On the
cross-sectional dimension, we use a Kronecker structure for the idiosyncratic covariance
matrix to capture cross-row and cross-column correlations in the idiosyncratic compo-
nents. When combined with a natural conjugate prior, this structure significantly im-

proves computational efficiency.

An important challenge in practice is model comparison when multiple models are avail-
able. In particular, a key issue is determining the optimal dimensions of the factor

matrices. Researchers may also wish to compare standard dynamic factor models using

1See Sargent et al.| (1977),|Stock and Watson| (2012)), Bai and Wang| (2015)), and [Poncela et al.| (2021)).

2 Approximate factor models date back to |Chamberlain and Rothschild| (1983). Unlike exact factor
models that assume a diagonal covariance matrix for the idiosyncratic components, approximate factor
models allow weak serial or cross-sectional correlations.



vectorized panels (VDFMs) with matrix dynamic factor models (MDFMs), or evaluate
the performance of exact versus approximate factor models.ﬂ In this paper, we address
these questions by adopting an importance-sampling marginal likelihood estimator of
Chan and Fisenstat| (2015)), which uses a cross-entropy method to construct an efficient
proposal density. This method offers two key advantages. First, it relies on independent
draws from the importance-sampling density rather than correlated Markov Chain Monte
Carlo (MCMC) samples. Second, it is computationally efficient and straightforward to
implement. Specifically, this method identifies the “optimal” parameters within a given
parametric density family by minimizing the Kullback-Leibler divergence to the posterior
distribution. |Chan and Eisenstat| (2015) have shown that these “optimal” parameters
correspond to the maximum likelihood estimators if we treat the posterior samples as
observed data of the parameters. Since the importance-sampling density is designed to
closely approximate the posterior distribution, the resulting marginal likelihood estimator

is highly efficient and exhibits low variance.

Our paper builds on recent works by [Yu et al.| (2024]) and Qin et al.| (2025)), who propose
matrix dynamic factor models with matrix autoregressive factor evolution. While their
work focuses on modeling factor dynamics under the matrix factor framework, our ap-
proach complements this line of research by incorporating additional features crucial for
macro-financial applications, including time-varying volatility, outlier adjustments, and
cross-sectional correlations in the idiosyncratic components. We further adopt a fully
Bayesian framework with identification restrictions to uniquely identify loadings and fac-
tors for economic interpretation, and we conduct extensive model comparison exercises
to determine the factor matrix dimension, model structure (VDFM vs. MDFM), and the

nature of idiosyncratic correlations (exact vs. approximate factor models).

Through a series of Monte Carlo experiments, we demonstrate that the proposed esti-
mator works well in practice. In particular, we show that our factor estimates are close
to their true values. In addition, our results suggest that the larger the sample size is,
the more accurate factor estimates are. Moreover, we find that the marginal likelihood

estimator can correctly identify the true model.

We illustrate the usefulness of the proposed MDFMs using two datasets. The first dataset

[{3))

3For convenience, we refer to the vector version as VDFM, where “v” stands for “vector”, in contrast
to “m” for “matrix”.



includes 10 quarterly macroeconomic indicators for 19 countries, covering 115 quarters
from 1995.Q1 to 2023.QQ3. The second dataset is a 10 x 10 Fama-French monthly panel
spanning from January 1990 to June 2024 (414 observations). Several key findings emerge
from our analysis. First, models with stochastic volatility yield higher marginal likeli-
hoods for both datasets, indicating clear benefits from incorporating time-varying volatil-
ity. The international macroeconomic panel favors an MDFM with a 1 x 2 factor matrix
and cross-sectional correlations in the idiosyncratic components, while the Fama-French
panel favors a VDFM with five factors. Second, the estimated factor loadings reveal clear
patterns that can be used to group both rows (countries or sizes) or columns (indica-
tors or book equity to market equity ratios). Finally, we observe high volatility in both
applications during major global events, including the Great Recession, the COVID-19

pandemic, and the Russia—Ukraine war.

The rest of this paper is organized as follows. In Section [2| we specify the proposed dy-
namic matrix factor model, with detailed discussion of motivation, identification, priors,
Bayesian estimation and a useful extension. Section |3|introduces an importance-sampling
marginal likelihood estimator for the purpose of determining the dimension of factor ma-
trix. Monte Carlo studies are presented in Section 4| to demonstrate the accuracy of
the factor estimates as well as the performance of the marginal likelihood estimator. In
Section o we illustrate the usefulness of our model employing two empirical applications.

Lastly, Section [6] concludes.

2 The Dynamic Factor Model for Matrix-valued Time

Series

Building on the framework established by [Wang et al.| (2019), we introduce a dynamic
factor model for matrix-valued time series. We follow the spirit of the approximate dy-
namic factor model proposed by |(Chamberlain and Rothschild (1983)) and allow cross-row
and cross-column correlations. We then incorporate time-varying volatility and outlier
adjustments, discuss identification restrictions, and outline the Bayesian priors and es-
timation process. Lastly, we extend the model to include heteroskedastic time-varying

volatility.



2.1 The Model

Consider observing an n x k data matrix Y, at time t. To better illustrate, assume
Y, is a macroeconomic data matrix drawn from multiple nations at time ¢, where the
rows correspond to n countries and the columns correspond to k variables. Consider the

following dynamic factor model:

Yt = AFtB, + Et, VeC(Et) ~ N(O, Wtzc X Er>, (1)
vec(Fy) = Hp vee(Fy_1) + ... + H, vec(F_g) + 1,  u, ~ N(0,A), (2)

where A and B are loading matrices of dimensions n x p; and k X ps, respectively, F; is
a p1 X po latent factor matrix. 3, and X, are row- and column-wise covariance matrices

with dimensions n x n and k x k, respectively. The p;ps X p1ps covariance matrix A is

a diagonal matrix: A = diag()\il, e )\glpwlm). The autoregressive coefficient matrices
H,,,...,H,, capture the persistence of the factors as well as their correlation.

The bilinear form AF;B is crucial for capturing the cross-country and cross-variable

dependencies. For example, the i-th row of Y, is
Y, . =A, FB+E;, ;,, i=1,...,n,

where Y; ; denotes the i-th row of the data matrix, A; represents the i-th row of the
loading matrix A, and E, ; is the ¢-th row of the matrix E,. It is evident that the i-th
row of the data matrix is a linear combination of the rows of F;B’, weighted by the i-th
row of A. Similarly, the j-th column of the data matrix is a linear combination of the
columns of AF;, weighted by the j-th column of B’. Thus, A reflects how countries
load on latent factors, while B reflects how indicators respond to them. The rows and
columns of F; can be interpreted as common factors influencing countries and indicators,

respectively.

2.1.1 Important Features of the Model

Based on the matrix factor model by Wang et al. (2019), our model introduces two key
features: dynamic factors and cross-sectional correlations with time-varying volatility in

the idiosyncratic components.



Incorporating factor dynamics is crucial, as economic indicators often exhibit persistent
deviations from trend following shocks. For instance, GDP growth may remain subdued
long after a recession. The autoregressive process in (2) can effectively capture such

persistence and potentially improve modeling and forecasting performance.

The other key feature of model — is the Kronecker-structured covariance of the
vectorized error, vec(E;), which introduces both flexibility and interpretability. This
structure allows for cross-sectional correlation in the idiosyncratic components, making
the model an approximate factor model rather than an exact one. Approximate factor
models, introduced by |[Chamberlain and Rothschild| (1983)), have been widely applied in

macroeconomics (e.g., Forni et al., 2001; [Stock and Watson, 2005).

The Kronecker structure also separates row-wise and column-wise covariances. In partic-

ular, for any row, the conditional covariance is Cov(Y!, , | A, F;,B) = w02, 3., for i =

0,1

1,...,n. Similarly, for any column, the conditional covariance is Cov(Y ;| A, F;,B) =

E’MET, jg=1,... k. 3, and ¥, can then be interpreted as the row-wise and column-

wise covariances that are not explained by the common components.

WO

Computationally, this structure enables efficient sampling: with conjugate priors, the
conditional posteriors of (A, 3,) and (B, 3,.) follow normal-inverse-Wishart distributions,
allowing for joint updates rather than element-wise sampling for the loading matrices A
and B (see Section . Finally, the model flexibly accommodates time-varying volatility
and outliers via the latent scale w,. For homoskedasticity, one can simply set w;, = 1 for
all ¢.

2.1.2 Time-varying Volatility and Outlier Adjustment

It is useful to allow for time-varying volatility in modeling macroeconomic data in em-
pirical macroeconomics or ﬁnance.E] The conditionally Gaussian framework in can
accommodate a variety of stochastic volatility processes. We extend our model by accom-
modating three popular specifications in the literature: the common stochastic volatility

model of (Carriero et al.| (2016), the explicit outlier component of Stock and Watson

4See, for example, the discussions on the importance of incorporating time-varying volatility in vector
autoregressions (VARs) by [Cross and Poon| (2016, (Chan and Eisenstat| (2018]), and |Chan/ (2023)), and in
factor models by |Aguilar and West| (2000)), [Chib et al.[ (2006, Kastner et al.| (2017, and |Li and Scharth
(2022).



(2016)), and the t-distributed innovations of [Jacquier et al.| (2004).

Specification 1. Common stochastic volatility
An important example is the common stochastic volatility model introduced in |Carriero
et al| (2015). In particular, let w;, = e, and assume that the log-volatility h; follows a

stationary AR(1) process with 0 mean:
ht = gbht*l + uzlflu 'LL? ~ N<07 Ui21>7 (3)

for t = 2,...,T, where it is assumed |¢| < 1 and the initial state hy is assumed to have a

Gaussian prior: hy ~ N (0,07/(1 — ¢?)).

Specification 2. The explicit outlier component

Another widely-adopted specification after the COVID-19 pandemic is the explicit outlier
component proposed in Stock and Watson (2016]). In specific, the outlier indicators
enter the model in a scale factor, denoted w; = 0?. o; follows a mixture distribution
that distinguishes between regular observations o, = 1 and outliers with o, > 2. The

probability that outliers occur is po, which is assumed to have a beta prior.

Specification 3. Fat-tailed innovations

This specification characterizes the infrequent occurrences of outliers by incorporat-
ing a latent variable w, = ¢?, where ¢? follows an inverse-gamma distribution: ¢? ~
ZG(1/2,1/2). Then the marginal distribution of the vectorized error has a multivariate ¢
distribution with zero mean, scale matrix 3.®3,., and degree of freedom [. t-distributions
have fatter tails than normal distribution, and thus may provide better fit for data with

infrequent occurrences of outliers.

2.1.3 Relations to Vectorized Factor Models

A natural benchmark to model - is a typical VDFM defined as follows:

Vit = Mft + &4,
(4)
ft = prt—l + Vs,

where M is a nk x p loading matrix, while f; is a p x 1 vector of factors. p is the number of



factors and we assume p = p; X py for better comparison to the MDFM. The matrix H, is
a k-dimensional diagonal matrix consisting of autoregressive coefficients for the evolution

process of these factors.

The MDFM can be viewed as a restricted version of the VDFM in , where the factor
loadings possess a Kronecker product structure. Specifically, model can be written

vee(Y;) = (B @ A)vec(Fy) + vec(E,). (5)

This structure formulation significantly reduces the dimensionality of the parameter
space. In particular, model requires estimating only np; + kps loading parameters,

compared to nk X pips parameters in the unrestricted DFM in .

However, if the Kronecker structure imposed by is not supported by the data, the
VDFM may provide a better fit. He et al.| (2024 propose a family of randomized speci-
fication tests to formally test for the presence of this matrix structure. In this paper, we
adopt a Bayesian model comparison approach by estimating the marginal likelihoods of

competing models, as detailed in Section

2.2 Identification

MDFMs defined in — cannot be identified without further restrictions. For this
reason, research in this field focuses on estimating the column space of the factor loadings,
as which is uniquely identifiable. This approach proves beneficial when the objective is to
group countries (rows) or variables (columns) based on the pattern of the column space of
the loading matrices and to make forecasts using the estimates of common components.

However, this strategy may pose challenges for the interpretation of the factors.

In the literature of DFMs, a commonly imposed set of restrictions is that the factor
loading matrix is a lower triangular matrix with ones on the diagonal, accompanied by
the assumption that the idiosyncratic error vec(E;) is independent of the latent factors
vec(F;). We follow that spirit and propose a set of sufficient identification assumptions

for MDFMs. The proofs are provided in the Supplemental Appendix Section [A]

Assumption 1 Factors and idiosyncratic errors are independent of each other.



Assumption 2 Factor series are independent of each other. H,, is diagonal matrix, for

l=1,...,q. Cov(w) =1,,,.

Assumption 3 One of the matrices of factor loadings, A or B, are lower-triangular
matrices with ones on the diagonal, while the other one is a lower-triangular matrix with

strictly positive diagonal elements.

Proposition 1 Consider the matriz dynamic factor model in and . Under As-
sumptions the dynamic factors ¥, and the loading matrices A and B are uniquely
identified.

Note that a variation is that we restrict the diagonal elements of both A and B to be
ones, while allowing Cov(u;) to be a positive diagonal matrix rather than an identity
matrix, as specified in Assumption [AH5]

Assumption 4 Factor series are independent of each other. H,, is diagonal matrix, for

l=1,...,q. Cov(u) is a positive definite diagonal matrix.

Assumption 5 Factor loading matrices, A and B are lower-triangular matrices with

ones on their diagonal.

Proposition 2 Consider the matriz dynamic factor model in and . Under As-
sumptions [1], [4, and [5, the dynamic factors Fy and the loading matrices A and B are
uniquely identified.

Another identification issue in f is that with the structure in the covariance matrix
for the vectorized error, the covariances 3, and 3. can only be identified up to scale.
That is, there exist a constant m € R\ {0}, such that ¥, ® X, = 3. ® ir, where
Y. =mX¥, and &, = m~'%,. To fix the scale, we normalize the (1, 1) element of 3. to
be 1.

An important implication of the lower triangular structure of the factor loading matrices,

as specified in Assumption [3]and [f] is that the order of rows and columns in data matrix



Y; “define” the rows and columns of the factor matrix. In specific, the first row of the
data matrix is the first row of the factor matrix plus the idiosyncratic error, and so forth.
The same logic applies to the columns. The hierarchical structure adopted here thereby
provides an additional layer of interpretability by linking factors to specific rows and
columns of the data matrix. As a result, the ordering of the data plays a pivotal role in

interpreting both the factor matrix and the loading matrices.

While our model — offers a parsimonious and interpretable framework for model-
ing matrix-valued time series, it is important to acknowledge its limitations. One key
assumption (Assumption [2) is that the elements of the factor matrix are i.i.d. In prac-
tice, this assumption may not hold. One way to extend the model is to allow for such
dependencies via a vector or matrix autoregressive process for F;. Considering that in-
corporating these additional features alongside time-varying volatility and cross-sectional
dependence in the idiosyncratic components would increase model complexity and pose
further identification challenges, we opt for a framework that strikes a balance between

flexibility and complexity, and we leave such generalizations to future research.

2.3 Priors

We use natural conjugate priors for the transpose of factor loadings: A’ and B’. In

addition, we use inverse-Wishart priors for ¥, and X.:

3, ~IW([,,S,), (vec(A')|X,) ~ N(vec(Ay), X, @ Var),

Y. ~IW(v.,8S.), (vec(B')]|X.) ~ N(vec(By),X. ® Vg). ®)

In practice, we can adopt diagonal matrices for hyperparameter matrices S, and S,., based

on the belief that there is no cross-sectional correlation in idiosyncratic components.

The autoregressive coefficient, i.e., the diagonal elements of H,, is assumed to have a

truncated normal prior on the interval (—1,1):

Pkl NN(pj,k,l,mij,k,z)]l(’pj,k,l’ < 1)7 j = 17 - P1, k= 17 -y P2, l= 17 o q,

where 11( - ) denotes the indicator function.

10



. . 2 . . . .
The prior variance )], is assumed to have a inverse-gamma prior: ZG(vy,,,S,,). We

also treat the first ¢ values of F; as unknown, and use the following prior

2
m=1 pj,k,m

N
ijk,lNN 0,1_ q]’ , l=1,....q.

2.4 Bayesian Estimation

Posterior draws can be obtained by sequentially sampling from: (1) p(A’, %, |Y,B,F,3.);
(2) p(B, 2, | Y,A,F,X,); (3) pvec(Fy) | Y1, A, B, 2,3, w? p), t = 1,....T; (4)
p()‘ik | fj,kapj,k’)a j = 1a s 7p17k = 17 <oy D23 (5) p(ijal | fj,k7)‘?,k)v j = 1a s 7p17k =
Looopl=1,...,q (6) plw; | A,F;, B, 3. %,), t=1,...,T.

With the natural conjugate prior, we can fully exploit the structure of the data matrix
and the Kronecker form of the idiosyncratic components to directly sample the loading
matrices, rather than sampling their free elements iteratively, thereby improving compu-
tational efficiency. To sample these loadings with identification restrictions outlined in
Section we adopt the approach proposed by [Cong et al.|(2004). To sample the covari-
ance matrix X, with the first element fixed at 1, we use the algorithm proposed by |Nobile
(2000). Sampling the latent factors and parameters such as A, p, as well as stochastic
volatility and outliers, is relatively straightforward and is discussed in detail in Supple-
mental Appendix Section [B] In the following, we focus on the implementation of Step

1-2, which involves sampling (A’, ¥, | - ) and (B’, X, | - ) under parameter restrictions.

Step 1. Sampling from (A’,¥,|Y,B,F. X))
We sample (A’, ¥,) conditional on the latent factors and other parameters from a normal-

inverse-Wishart distribution:

(A=, ] )~ NIW(A' K, 7,.8,), (7)

11



where

T T
Ka =V + Y w 'FBS'BF, A=K, (VA}Ag +) wtlFtB’EclY£>
t=1 t=1
T
Up=v, + Tk, S, =8, + AV AL+ w 'YV, 5'Y] - AKp A
t=1
We can sample the normal-inverse-Wishart distribution in in two steps. First, we

sample from the inverse Wishart distribution for ¥, marginally. Then given ¥, we can

sample from the normal distribution of (A’| -).

With the constraints on the structure of A’ for identification, we cannot directly sample
from the above normal distribution. Here we outline the sampling scheme for A’ with
the constraints. To that end, we first represent the restrictions as a system of linear re-
strictions. For example, for A’, we represent the restrictions that A is a lower triangular
matrix with ones on the diagonal using Ma/vec(A’) = ay. Assuming n > p;, Mas is
a p1(p1 + 1)/2 x np; selection matrix, and ag is a p;(p; + 1)/2 x 1 vector consisting of
ones and zeros. Then we apply Algorithm 2 in Cong et al.| (2004) or Algorithm 1 in
Chan and Qi (2024) to efficiently sample (vec(A')| - ) ~ N (vec(A'), X, ®K}) such that
Mavec(A’) = ap. In particular, one can first sample vec(A!) from the unconstrained
conditional posterior distribution in Step 1. It is important to note that given the Kro-
necker structure in the covariance matrix of the posterior, i.e., (3, ® K;}), we are able
to sample from the matrix normal distribution, and thus facilitate the computation. In
particular, we first sample a p; X n matrix of independent samples from a standard normal
distribution, denoted as Z. Then let

A=A+ G 70y, (8)

where Ck,, and Cx, are the Cholesky decomposition of K/ and X,. One can show
that (A’ | -) ~ MN(A’, K./, X,), where MN denotes the matrix normal distribution.
Therefore, (vec(AL) | - ) ~ N (vec(A'), =, @ K41).

Given the unrestricted A, we return

vec(A') = vec(AL) + (£, ® Kz )My (Mar(S, © KxhMy) " (a0 — Marvec(AL),

12



which can be realized by the following four steps:

(1) Compute C = Cy-1 ® Cxk,,, where Cy-1 is the lower Cholesky factor of 31 and
Ck,, is the lower Cholesky factor of Kas;

(2) Solve CC'U = M/,, for U;

(3) Solve M AUV = U’ for V;

(4) Return vec(A’) = vec(Al,) + V'(ag — Masvec(Al)).

It can be shown that A’ follows the distribution (A’| -, Ma/vec(A’) = ay).

Step 2. Sampling from (B, X.|Y,A F,X,)

Similar to step 1, (B, X,) are drawn from a normal-inverse-Wishart distribution:
(B,=.| -) ~ NIW(B', K5}, 7.,S,),

where

T T
Kp = Vg + Y w 'FJAS'AF, B =Ky (Vg}Bg +) w;lF;Afz;lYt>
t=1 t=1

T
D.=ve+Tn, S.=S.+BoVg'Bj+ > w 'YX 'Y, - BKpB'

t=1

We sample (B’,X. | -) in two steps. First, we sample ¥, marginally from (3. | -) ~
IW(gc,ﬁc) with the restriction that o.;; = 1. We use the algorithm by [Nobile (2000)

for this step, outlined below:

(1) Exchange row/column 1 and n in the matrix S.. Denote this matrix as §CT’"“”S.
(2) Construct a lower triangular matrix A such that
e 0; equal to the square root of x2 ., , fori=1,...,n—1;
® 0,n = (Iun) 7Y, where [, is the (n, n)-th element in the Cholesky decomposition
of (§Z“ms)*1, denoted as L
e 0;; equal to N(0,1) random variates, i > j.
(3) Set X, = (L7YY(A-YyA~L~t
(4) Exchange the row/column 1 and n of 3. back.

13



Then we sample from a normal distribution for B:
(vec(B') | Y, A, F, %, 3,) ~ N(vec(B'), =, @ Kg/),

which can be done using the algorithm described in step 1.

2.5 An Extension: Heteroskedastic Time-Varying Volatility

A more flexible way to model time-varying volatility is to incorporate heteroskedastic
stochastic volatility processes for each of the variables included, as first proposed by
Cogley and Sargent| (2005)) in a vector autoregression setting. To that end, we assume

the idiosyncratic component has a different covariance matrix as follows:
VeC(Et) ~ N (O, Dt) N (9)

where D, = diag(eht1t ef21e  ehnit) is a diagonal matrix. The log-volatility follows

a stationary AR(1) process with 0 mean similar to ({3)).

Compared to the specification in , this extension contains nk stochastic volatility
processes, which can accommodate more complex volatility patterns. However, these
volatility processes are assumed independent and there will be no cross-sectional corre-
lation for rows and columns in the idiosyncratic components, which can be unrealistic in
many practical applications. Moreover, this comes at a cost of more intensive posterior
computations since natural conjugate priors cannot be applied to @D Ultimately, there is
always a trade-off between model complexity and computational burden, and the choice

of specification depends on the application and its specific goals.

3 Model Comparison Using the Marginal Likelihood

When multiple models are available, a major challenge for practitioners is the lack of tools
for comparing these models. In this section, we employ an importance-sampling estimator
of the marginal likelihood to conduct model comparison. In particular, we are interested

in determining the optimal dimension of the factor matrix, selecting between the VDFM

14



and the MDFM, and distinguishing between exact factor models and approximate factor

models.

3.1 A Bayesian Approach to Model Comparison

A natural Bayesian approach of model comparison involves computing the marginal like-
lihood for each available model and selecting the model that yields the highest marginal
likelihood. Using marginal likelihoods for model comparison has several advantages.
First, it accounts for model complexity and avoids overfitting by integrating over the
entire parameter space, rather than replying on point estimates. This penalizes over-
parameterized models, as more complex models spread probability mass over a larger pa-
rameter space, leading to lower marginal likelihoods unless justified by the data. Second,
marginal likelihood is a consistent model selection criterion—if the true data-generating
process is included in the set of candidate models, the marginal likelihood will asymptot-
ically favor the correct model as more data becomes available. Moreover, Bayes factors,
which are based on the ratio of marginal likelihoods between competing models, provide

a direct measure of relative evidence in favor of one model over another.

Despite its strong theoretical foundation and automatic penalty for overfitting, marginal
likelihood is often criticized for its high computational cost, especially in high-dimensional
settings. For this reason, several alternative methods have been proposed. For example,
Lopes and West| (2004)) introduced a reversible jump MCMC algorithm for moving be-
tween models that allows movement between models with different numbers of factors,
while |Lee and Song (2002) developed a path sampling approach to compute the Bayes
factor efficiently. Additionally, |Bhattacharya and Dunson (2011)) and |Lee et al.| (2022)
inferred the number of factors by zeroing out a subset of the loading elements using

Bayesian variable selection priors.

3.2 Estimating the Marginal Likelihood via Importance Sam-
pling

In this paper, instead of computing the marginal likelihood directly, we estimate it using

an importance-sampling estimator, which significantly reduces computational complexity

15



while maintaining accuracy. Specifically, let 8 denote the unknown parameters, g(0)
be the importance sampling density, and p(@) be the prior distribution. The marginal

likelihood is estimated as follows:

L gy 0u)p(6) (10

prs(y) = N 4(6,) :

n—=

where 04, ..., 0,, are independent draws from the importance sampling density ¢(0). It is

clear that this estimator is unbiased and consistent, assuming g dominates p(y | - )p( - ).

The efficiency of the estimator depends critically on the choice of g. Ideally, if g is close to
the posterior distribution, the estimator will have low variance. In this paper, we employ
the cross-entropy method proposed by |Chan and Eisenstat| (2015) to find the optimal
density within a given parametric family of distributions by minimizing the Kullback-
Leibler divergence of the posterior distribution from the importance sampling density.
This approach has two major advantages. First, using the importance-sampling density
is convenient as it generates independent draws instead of correlated MCMC draws. Sec-
ond, since the importance density is close to the posterior, the estimator exhibits low
variance, requiring only a few thousand samples for accurate estimation. Specifically,
Chan and Eisenstat (2015) show that, for a given parametric family of densities, the op-
timal hyperparameters correspond to the maximum likelihood estimators when posterior

samples are treated as observed data.

To further facilitate computation and reduce the estimator’s variance, we integrate out
the factors from the likelihood function. While a closed-form expression for the integrated
likelihood is available, directly computing the inverse of the covariance matrix in high-
dimensional datasets is computationally prohibitive. Therefore, we employ the Kalman
filter to efficiently integrate out the factors. Further details on integrating the factors and

the choice of the importance sampling density are provided in Supplemental Appendix

Section [C]
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3.3 The Choice of the Importance Sampling Density

After integrating out the factors, the importance density is denoted as

f(O;v) = f(A,B,X,, %, p,\,w;V)
:f(Aa Ka ]:_)A) : f(B E ]:_)B) f(zra Vr,

v,) (11)
f(zc; Ve, qjc) f(pv p7 ) ()‘ Uy, S)\) ' f(w, Vw)'

For the parametric family, we use Gaussian densities for f(A; A,Dy), and f(B; B, Dg),
where A and B are the means, while D4 and Dy are the covariance matrices. We use
inverse-Wishart densities for f(X.; v, ¥.), and f(X,; v, ¥,.), where v, and v, are degrees
of freedom, while U, and W, are scale matrices. The truncated normal density on the
interval (—1,1) is used for f(p;p,D,), where p and D, are the mean and covariance

matrix. Moreover, we use inverse-gamma distributions for f(X\; vy, S)).

Recall that we consider three specifications for time-varying volatility, w. In the first
specification, the log-volatility h follows an AR(1) process with an autoregressive coeffi-
cient ¢ and corresponding innovations 7. We use a normal distribution for h, a truncated

normal on (—1,1) for ¢ and an inverse-gamma distribution for o?.

The optimal hyperparameters for the truncated normal and inverse-gamma distributions
can be conveniently estimated via maximum likelihood estimation. However, handling
h presents challenges. In specific, if we use a normal importance sampling density of
the form N (ﬁ, K, '), one can obtain h and K, ' analytically, where Ky, is a 7' x T full
matrix. This approach has two key drawbacks. First, sampling from a Gaussian density
with large full covariance matrix is computationally intensive. Second, in Kj, there are
T(T + 1)/2 parameters to be estimated. This means that a large number of posterior

draws is needed to ensure accurate estimation.

To address these problems, we follow (Chan| (2023) and impose a restricted family of
Gaussian density that exploits an AR process for the latent states h, which includes
the prior density of h in (3)) as a special case. This restriction significantly reduces the
parameter space from T+ T'(T + 1)/2 to 2T + 1. Furthermore, this specification allows
for analytical solutions for the autoregressive coefficients in the AR process, making the

mean and covariance matrix of the normal importance sampling density straightforward
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to obtain. We refer the reader to Chan| (2023) for further details.

For the outlier components o, we employ a discrete distribution over a predefined grid
during estimationﬂ As a result, the probability of each grid point can be computed using
the posterior draws of 0. We then use the beta distribution for the the outlier probability
Po- For the fat-tailed innovations, we adopt an inverse-gamma distribution for ¢?. Further

details on the procedure can be found in Supplemental Appendix Section [C]

4 Monte Carlo Studies

In this section, we first assess the accuracy of the factor estimates by comparing them to
their true values across datasets of varying sizes. Then, we evaluate whether the marginal

likelihood estimator can accurately identify the true model.

4.1 Performance of Factor Estimators under Different Sample

Sizes and Dimensions of Factor Matrices

The data are generated according to and with ¢ = 1. The parameters are drawn
as follows: the free parameters in A and B are drawn from the uniform distribution,
U(0,1), and p;y, is drawn from ¢£(0.8,0.9) for j =1,...,p1, k=1,...,ps. We set X, to
0.31, 3, to 0.51,, and )‘?,k: tolforj=1,...,p1, k=1,...,ps. To assess the accuracy
of our factor estimates, we consider sample sizes (n, k) € {(10, 10), (20, 15), (30,20)} and
observation lengths 7" € {200, 500,1000}. The factor matrices are preset to dimensions

(php?) = (372) or <p17p2) = (57 5)

For models with smaller factor matrix (p; = 3 and py = 2), we use a Gibbs sampling
chain of 10,000 iterations after 5,000 burn-in draws. For larger factor matrix orders
(p1 = 5,p2 = 5), we extend the sampling chain to 20,000 iterations after 10,000 burn-in

draws Y] We calculate the posterior mean as the point estimate for the factors and compare

®Following [Carriero et al.| (2024b), we use (1,20) as the support (grid) for o.

SWe found that for p; = 3,p; = 2, convergence is typically achieved within 5,000 burn-in draws,
even with initial factor values drawn randomly from a standard normal distribution. However, when the
dimension of the factor matrix is large (p; = p2 = 5), setting proper initial values is crucial to shorten
the Markov chain. Estimates from a VDFM (1,000 posterior draws after 1,000 burn-in draws) work well
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these to the true factors. Specifically, we project the true factors onto the estimates to

obtain adjusted R? values for each factor series in the factor matrix.

Figurerepresent the adjusted R? for (p1, p2) = (3,2) and (p1, p2) = (5,5), respectively.
Each row corresponds to a different sample sizeﬂ Each column represents a different
length of observations with the first column corresponding to 7" = 200. Each color block
represents the adjusted R? for a specific element in the factor matrix. For instance, the
upper-left block of the first subplot in Figure [1| corresponds to the adjusted R? from
regressing the true value of f;; on the estimates (]/”\1717,, for (n,k,T) = (10, 10, 200).

The color intensity in these figures reflects the magnitude of the adjusted R?; darker
colors indicate higher values. For better visualization, the minimum of the color axis is
set to 0.9, as the smallest adjusted R? we have obtained is 0.91. More details on the
adjusted R?s are provided in Supplemental Appendix Section Dl

Overall, our factor estimates closely match the true values. Moreover, a comparison across
columns reveals that larger observation lengths T yield better estimates. A comparison
across rows shows that larger sample sizes lead to more accurate estimates. Comparing
the two figures, it is evident that smaller factor matrix dimensions result in better es-
timates. These findings suggest that increasing the number of observations and sample
size improves the accuracy of factor estimates. This is in line with the theory in VDFM

and static matrix factor model Fl
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Figure 1: Adjusted R? from regressing the true factors on the estimates: p; = 3, pp = 2

as initial values. Geweke statistics are computed to ensure the convergence of Markov chains.
"For example, the first row represents (n, k) = (10, 10), while the second row represents (20, 15).
8See, e.g., for inferential theory in vectorized factor model and (Chen and Fan| (2023) for
that in static matrix factor model.




T =200 T = 500 T = 1000

(n, k) fi. ! 1. ! fi, !
f £, fs.
f3. 0.95 f3. 0.95 f3. 0.95
(10’ 10) f4,, f4,. f4;.
. 0.9 . 0.9 5. 0.9

RN EEE K Ry D> YRy DR
£ 1 £, 1 1
gz,. gz,.
5. 0.95 3. 0.95 0.95
(20,15) ¢ £
. 0.9 . 0.9 0.9
WYY P P gR YKy P> E® WYY P M E®
fl. L fl. 1 fi. 1
?" ?,. 52
_ 0.95 3. 0.95 0.95
(30,20) ¢ £ £y
. 0.9 . 0.9 . 0.9
Y RY P RY QP LY RY AP RY L LRE RSN XS

Figure 2: Adjusted R? from regressing the true factors on the estimates: p; =5, pp = 5

4.2 Can the Marginal Likelihood Estimator Identify the Correct

Dimension of the Factor Matrix?

To evaluate the performance of the marginal likelihood estimator in correctly identifying
the true dimension of the factor matrix, we estimate log marginal likelihoods for models

with a variety of combinations of (p;,p2). Specifically, we use four datasets from Section

41r

Dataset 1: n =10, k = 10, T = 500; true dimension: p; = 3, p, = 2.
Dataset 2: n = 20, k = 15, T = 500; true dimension: p; = 3, p, = 2.
Dataset 3: n =10, k = 10, T' = 500; true dimension: p; = 5, ps = 5.
Dataset 4: n = 20, k = 15, T = 500; true dimension: p; = 5, p, = 5.

For datasets with a true dimension of factor matrix: (p;,p2) = (3,2), we estimate models
with p; and p, ranging from 1 to 5. For datasets with a true dimension of (5,5), we

estimate models with p; and ps ranging from 3 to 7.

Figures |3| presents the estimates for log marginal likelihoods for the four datasets. Two
key findings are noteworthy. First, in all the four datasets, the estimates correctly identify
the true order; that is, the estimates are the largest when (py,ps) are set to their true
values. Second, the log marginal likelihood estimates exhibit a consistent pattern. Before

the true order is reached, the estimates increase monotonically, reflecting an improving
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model fit. After reaching the true order, the estimates decrease monotonically, indicating
that additional factors do not contribute significantly to the model fit and may introduce
overfitting. For example, when true order is (p1,p2) = (3,2), the sequence log p(y | p1 =
1) <logp(y | p1 = 2) < logply | p1 = 3) and logp(y | p1r = 3) > logp(y [ p1 = 4) >
log p(y|p1 = b) is observed. Similarly, log p(y|p2 = 1) < log p(y|p2 = 2) and log p(y |p2 =
2) > logp(y | p2 = 3) > logp(y | p2 = 4) > logp(y | p2 = 5).

%104 Dataset 1 x104 Dataset 2
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Figure 3: Log marginal likelihood estimates for the four datasets. From top left to bottom
right, the panels correspond to (n, k, p1,p2) = (10, 10, 3, 2), (20, 15, 3,2), (10, 10, 5,5), and
(20, 15,5,5). Each line represents a different value of py, and the blue dot represents the
true value for p; and ps.

4.3 Can Marginal Likelihood Distinguish VDFM from MDFM?

In this subsection, we examine the ability of the marginal likelihood estimator to correctly
identify the underlying factor structure. Specifically, we generate data from two types
of dynamic factor models: a VDFM defined in Equations [4] and an MDFM. When the
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true model is VDFM, the free elements in loading matrix M are randomly drawn from
a uniform distribution ¢ (—1, 1), and the error covariance matrices for e, and v, are set
to identity matrices. The autoregressive coefficients in the factor evolution equation are
drawn from a uniform distribution ¢(0.7,0.95). When the true model is MDFM, the free
elements in the two loading matrices A and B are drawn from the uniform distribution
U(0,1), the row-wise and column-wise covariance matrices 3, and 3, are 0.5I, and
0.31,, respectively. The autoregressive coefficients in the factor evolution equation are
drawn from (0.8, 0.9). The covariance matrices for factor evolution equation are identity

madtrices.

First, we generate data using the MDFM with factor matrices of sizes (1 x 2), (2 x 1),
and (2 x 2), and estimate the marginal likelihood of each (true) model. Then we compare
these marginal likelihoods with those of VDFMs specified with ky = 1,2,...,6 factors,
where k; denotes the number of factors in the VDFM. Figure {4 shows the log marginal
likelihood estimates under different model specifications. The left, middle, and right
panels correspond to MDFMs with (p1,p2) = (1,2), (2,1), and (2, 2), respectively. The
black line shows the log marginal likelihood estimates for the VDFMs, while the red
dashed line indicates the marginal likelihood of the true MDFM.

The results clearly show that the marginal likelihood for the true model (MDFM) is higher
than for any of the VDFM alternatives. Interestingly, the VDFM achieves its highest
marginal likelihood when its number of factors matches the total number of factors in the
corresponding MDFM. For instance, the VDFM performs best when k; = 2 for MDFMs
with (p1,p2) = (1,2) and (2,1), and when ky = 4 for (p1,p2) = (2,2).

-3 D e

a5 -4 -2.5
4.6

-4 -4.8

k=1 ky=2 kj=3 k=4 k=5 k=6 k=1 kj=2 k=3 kj=4 k=5 k=6 k=1 k=2 kj=3 kj=4 k=5 k=6

Log ML estimates using VDFM @  Maximum of log ML estimates — — — - True DGP estimates

Figure 4: Log marginal likelihoods under the VDFM relative to the true model (a MDFM
with a 2 x 2 factor matrix). A negative value indicates that the correct model is favored.

Next, we generate data from the VDFM with k; € 1,2,3 and estimate the log marginal
likelihood for each true model. We compare these values with those from MDFMs with
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(p1.p2) € (1,1),(1,2),(2,1),(2,2). Figure[f] presents the log marginal likelihood estimates
under different model specifications. The left, middle, and right panels correspond to
VDFMs with ky = 1, 2, and 3, respectively. The black dashed line indicates the log
marginal likelihood of the true VDFM, while the bars represent those of the competing
MDFMs. In all three cases, the true model achieves a higher marginal likelihood than
the alternatives.

x10* VDFM: k;y =1 x10* VDFM: ky = 2

x10* VDFM: ks = 3

m=1 pr=2 p=1 p1=2
B o =1 BN p; =2 — — — - True DGP estimates

Figure 5: Log marginal likelihoods under the VDFM relative to the true model (a MDFM
with a 2 x 2 factor matrix). A negative value indicates that the correct model is favored.

4.4 Can the Marginal Likelihood Estimator Distinguish Ap-
proximate DFMs from Exact DFMs?

In this subsection, we investigate whether the marginal likelihood estimator can correctly
identify the structure of the idiosyncratic components. Specifically, we assess whether the
estimator can distinguish an exact matrix factor model (i.e., without stochastic volatility
or cross-sectional correlations) from approximate alternatives. To this end, we generate

100 datasets from the following models:

MDFM-exact: A matrix factor model with a diagonal covariance matrix and no

stochastic volatility.

MDFM-cross: A matrix factor model with a Kronecker-structured covariance matrix

and no stochastic volatility.

MDFM-sv: A matrix factor model with a diagonal covariance matrix and a common

stochastic volatility.

The free elements in the two factor loading matrices A and B are drawn from a normal

distribution N(0,0.3%). The row-wise and column-wise covariance matrices are drawn

23



from inverse-Wishart distributions: ¥, ~ ZW(n + 2,1,,) and . ~ ZW(k + 2,1;). The
log-volatility follows an AR(1) process with an autoregressive coefficient of 0.97 and

innovation variance 0.1. The covariance matrix in the factor evolution equation is 0.11,,,,,,,
and the AR coefficients are drawn from ¢/(0.8,0.9).

We generate 100 datasets with dimensions (n, k,T) = (20, 20, 100). The dimension of the
factor matrix (p1, p2) = (2,2). For each dataset, we estimate the log marginal likelihoods
under the MDFM-exact, MDFM-cross and MDFM-sv specifications. Then we subtract
the log marginal likelihood of the true model from those of the competing models. A

negative value indicates that the marginal likelihood is larger for the true model.

Figure [6] shows boxplots of the differences in log marginal likelihoods relative to the true
model. The left, middle and right panel corresponds to cases where the true model is
MDFM-exact, MDFM-cross, and MDFM-sv, respectively. In all cases, the true model
achieves the highest marginal likelihood, suggesting that the estimator effectively identi-

fies the correct structure in the idiosyncratic component.

True model: MDFM-exact «10% True model: MDFM-cross «10% True model: MDFM-sv
= i T - i
500 -4 0.5
-600 -5 . -
-700 -6 15
ol g | .
o == - i i i
MDFM-cross MDFM-sv N MDFM-sv MDFM-exact MDFM-cross MDFM-exact

Figure 6: Boxplots of differences of log marginal likelihoods relative to the true model:
MDFM-exact (left panel), MDFM-cross (middle panel) and MDFM-sv (right panel). A
negative value indicates that the correct model is favored.

5 Empirical Applications

In this section, we demonstrate the usefulness of the Bayesian matrix dynamic factor
models with two applications. In the first application, we use a multinational macroeco-
nomic panel, while in the second application, we use the Fama-French 10 x 10 panel. The

optimal factor structure is determined using the proposed marginal likelihood estimator.
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5.1 Multinational Macroeconomic Panel

We apply the matrix dynamic factor model to the macroeconomic panel constructed
from OECD database. The dataset comprises 10 quarterly indicators of 19 countries
from 1995.Q1 to 2023.Q3 for 115 quarters. The countries include developed economies
from North America, Europe, Asia and Oceania. The indicators include real GDP, price
indices, labor unit cost, unemployment, international trade and household consumption.
Each time series is adjusted for stationarity through first differencing or logarithmic
differencing, and standardized by demeaning and dividing by their standard deviations.
Detailed descriptions of the dataset and transformation methods are provided in the

Supplemental Appendix Section [E]

While theoretically one could compute marginal likelihood estimates to assess different
orders of countries and variables, this approach is computationally intensive due to the
large number of combinations. For this reason, we prioritize the global and regional eco-
nomic significance of countries and the relationships among variables when ordering the
data. Particularly, in terms of countries, we order the US the first, due to its status as the
largest economy and its significant influence on the global economy. The UK, Australia,
Germany and Japan follow, due to their significant position in the corresponding regional
economy. Among the indicators, real GDP is prioritized as it serves as the critical mea-
sure of real economic activity, following by Headline CPI, given its importance as a key
inflation indicator closely tied to price dynamics. We put labor unit cost the third, since

it is crucial for insights into productivity.

We then employ the method for marginal likelihood estimation introduced in Section
to determine the optimal factor structure. Tables report the log marginal likelihood
estimates for VDFMs and MDFMs. Comparing the VDFM without stochastic volatility
to its counterpart with common stochastic volatility (the left and right panel of Table T)),
we find that the data strongly favor the inclusion of stochastic volatility. A similar pattern
is observed for the MDFMs (in Table[2). Additionally, the results indicate that the model
with cross-sectional correlation is preferred over the exact one, suggesting that accounting
for both cross-sectional correlation and time-varying volatility leads to improved model
performance. Notably, the marginal likelihood for the VDFM is maximized with five
factors, while the approximate MDFM achieves a better fit with a more parsimonious

1 x 2 factor matrix F;. This suggests that ignoring the matrix structure can lead to
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overestimation of the number of factors in VDFM. The 1 x 2 factor matrix implies that

the variation is larger across indicators than across countries.

Table 1: Log marginal likelihood estimates using VDFMs

LDFM-exact LDFM-sv

k=1 k=2 k=3 k=4 k=1 k=2 k=3 k=4
-26361 -24786 -23602 -23017 -22715  -21642 -21272 -20910
0.1)  (0.3)  (0.9) (L.3) 02)  (06) (0.7 (1.0)

k=5 k=6 k=7 k=8 k=5 k=6 k=7 k=8

-22944 -23001 -23107 -23280 -20862 -21130 -21202 -21371
(1.6)  (L6) (2.3)  (4.3) (20) (320  (42)  (6.0)

Table 2: Log marginal likelihood estimates using MDFMs

MDFM-exact MDFM-cross MDFM-cross-sv

pp=1 pr=2 py=3 pp=1 pr=2 py=3 pp=1 p2=2 py=3
pr=1 -26472 -24796 -23493 -17968 -17930 -17950 -16144 -16140 -16164

02)  (03) (0.7 0.3)  (04)  (0.8) 0.6)  (0.4)  (0.5)
pr=2 26310 -24607 -23221  -18007 -17979 -18068  -16260 -16265 -16337
0.1)  (0.4) (0.4 04)  (04)  (1.4) 05)  (0.6)  (L0)
p1=3 26164 -24469 -23012  -18051 -18058 -18150  -16336 -16386 -16464
(0.3)  (0.6)  (0.7) (0.3)  (0.8)  (0.6) 0.7)  (0.7)  (L1)

The latent structure of the global macroeconomy can be interpreted through the esti-
mated row and column factor loading matrices. We sort these estimates and compute the
posterior probabilities that the differences between neighboring values are greater than 0.
We then group countries and indicators by comparing these posterior probabilities against
a 0.9 threshold: when the probability exceeds 0.9, it indicates that the neighboring values

are significantly different, so they are placed in separate groups.

Figure E] displays the bar plot of sorted estimates for A\HThe 19 countries are grouped

into four categories: (1) Japan; (2) seven European countries and Korea; (3) six other

9Gince the factor matrix has only one row, A is effectively a 19 x 1 vector. However, we retain the
notation A for consistency.
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European countries along with two Oceania countries; and (4) two North American coun-
tries. The fact that the two North American countries fall into the same group suggests
that geographic proximity influences the grouping, but geography is clearly not the only
factor. For example, Japan and Korea are placed in different groups, while Oceania and

several Furopean countries are grouped together.
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Figure 7: Bar plots of sorted estimates for loading matrix A. The 19 countries are
categorized into 3 distinct groups based on the posterior probabilities that the differences
between neighboring values are greater than (0. The stars on the country labels show the
significance level of the corresponding estimates. There is no significance level on USA
because we fix the corresponding element in A to be 1.

Figure |8 contains two rows of subplots. The first row presents bar plots of sorted estimates
for ]§, while the second row shows factor estimates and their 90% credible intervals.
Notably, the first factor representing the real economic activity clearly capture the 2008
Great Recession and the disruptions caused by the COVID-19 pandemic, though the
early 2000s recession is less pronounced. The second factor captures price dynamics, but
do not directly affect the real output as measured by real GDP. Figure [9| compares the
four-quarter moving average of the second factor estimates with the moving average of
growth rates of Brent crude oil price. The comovement between the two series is evident,
particularly during periods of significant events such as the 2002-2003 Iraq war and civil
unrest in Venezuela, the 2008-2009 Great Recession and OPEC’s production cuts, the
2014-2016 oil price collapse and the 2022 Russian invasion of Ukraine.

Based on the first column of the factor loading matrix (by), the ten variables are grouped
into four clusters: Group 1 (unemployment), Group 2 (food CPI and core CPI), Group
3 (real GDP, energy CPI, headline CPI, and household consumption), and Group 4 (im-

ports, labor unit cost, and exports). The real activity factor has stronger impacts on
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international trade and labor unit cost, while also having a positive, albeit less pro-
nounced, impact on consumption, headline CPI, and energy CPI. However, its effects on

core CPI and food CPI are not statistically significant. Additionally, it negatively affects
unemployment.

The second column of the factor loading matrix (by) organizes the variables into a dif-
ferent set of four clusters: Group 1 (core CPI, household consumption, food CPI, and
unemployment), Group 2 (imports, labor unit cost, and exports), Group 3 (headline
CPI), and Group 4 (energy CPI). The price factor has strong positive impacts on energy
prices, with less effect on labor unit cost and international trade. It has statistically

insignificant positive effects on core CPI and negative effects on consumption, food CPI,

and unemployment.
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Figure 8: Bar plots of sorted estimates for loading matrix B and plots for factor estimates.
The stars show the significance level of the corresponding estimates. According to impacts
of the two column factors, the variables can be divided into 4 groups. The shaded area
of plots for the factors is the 90% credible intervals.

Figure [10] presents the estimates for stochastic volatility and their standard deviations.

The high volatility around 1997 reflects the turbulence of the Asian financial crisis, par-
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ticularly in Japan and Korea. Expectedly, increased volatility is also observed during the
Great Recession and the COVID-19 pandemic.
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Figure 9: Yearly moving average of standardized growth rates of Brent crude oil price
and the second column factor estimates.
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Figure 10: Estimates for stochastic volatility: w; = exp(/f;t /2)

Figure are heatmaps of estimates for column-wise and row-wise covariance matrix
in the idiosyncratic component. From Figure it is obvious that headline CPI is
positively correlated with its disaggregated components: energy CPI, core CPI and food
CPI. In addition, unemployment is negatively correlated with real GDP, labor unit cost,
consumption, core CPI and imports. Labor unit cost is positively correlated with both
exports and imports. In Figure |12, we can see that idiosyncratic risks for countries
in European Union are correlated, including Germany, France, Norway, Netherlands,
Austria, Denmark, Spain, Finland, Sweden, Luxembourg, Italy and Portugal. UK is

weakly correlated to EU as well.
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Figure 11: Heatmap of estimates for 3.

Estimates for X,

USA 0.16 0.05 0.05 0.05 0.05 0.04 0.03 0.08 0.07 005 0.05 0.05 0.05 0.06 0.06 0.07 0.03 0.05 0.05
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Figure 12: Heatmap of estimates for 3,
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5.2 Fama-French 10 x 10 Panel

In this application, we investigate the usefulness of the dynamic matrix factor model on
the Fama-French return series, which was studied by Wang et al. (2019), Yu et al.| (2022)
and [He et al| (2024). The data include monthly returns of 100 portfolios, structured
in a 10 by 10 matrix according to ten levels of sizes (market equity) and ten levels of
ratio of book equity to market equity (BE/ME)[| The return series span from January
1990 to June 2024 (414 observations)['f|] Following [Chang et al| (2023), we impute the
missing values by the weighted averages of the three previous months, i.e., set y;;; =
0.59; j4—1 + 0.3y; j4—2 + 0.2y, j+—3 for missing y; ;. To account for market conditions, we
follow Wang et al.| (2019), Yu et al. (2022)), and He et al.| (2024) and subtract the monthly
excess market return from each series. We then standardize the data by subtracting the
mean and dividing by the standard deviation. The standardized market-adjusted return

series of the portfolios can be found in Supplemental Appendix Section

Empirical evidence shows that small-cap stocks tend to earn higher average returns than
large-cap stocks, while value stocks (high BE/ME) tend to outperform growth stocks (low
BE/ME). To account for these cross-sectional return patterns, [Fama and French| (1992)
introduce the Small Minus Big (SMB) and High Minus Low (HML) factors to explain
return variations across stocks with varying size and book-to-market ratios. Motivated
by this framework, we reorder the size and BE/ME ratios in the data matrix. Specifically,
portfolios are ordered by size across rows, with small-cap (SMALL) portfolios listed first,
followed by medium-cap (ME5), and then large-cap (BIG) portfolios. Similarly, columns
are arranged by book-to-market ratio, with high BE/ME (HiBM) portfolios on the left,
followed by medium (BM5), and then low BE/ME (LoBM) portfolios.

Table report the log marginal likelihood estimates for both VDFMs and MDFMs.
The results clearly indicate a strong preference for models with stochastic volatility, re-
gardless of whether the VDFM or MDFM is used. Additionally, a comparison between the
MDFM-exact and MDFM-cross reveals that accounting for cross-sectional correlation in
idiosyncratic component further improves model performance. Among the MDFM spec-

ifications, the 2 x 2 MDFM with both cross-sectional correlation and stochastic volatility

0The data is available at http://mba.tuck.dartmouth.edu/pages/faculty/ken.french/data_
library.html.
HWe do not include data earlier than 1990 because there are many missing values in the early years.
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achieves the highest marginal likelihood (—42,951), although it remains slightly lower
than that of the 4-factor VDFM (-42,943). The best overall performance is attained
by the 5-factor VDFM with stochastic volatility, which yields a marginal likelihood of
~42,877. These results suggest that the data favor the more flexible VDFM specification
over the more structured MDFM, despite the marginal likelihood’s built-in penalty for
model complexity. For illustration, we use the MDFM with a factor matrix of dimensions

(p1,p2) = (2,2) and stochastic volatility in the subsequent analysis.

Table 3: Log marginal likelihood estimates using VDFM

VDFM-exact VDFM-sv

k=1 k=2 k=3 k=4 k=1 k=2 k=3 k=4
-51647 47191 -46217 -45940 -46096  -43942 -43069 -42943
0.1)  (0.2)  (04) (05) 04)  (04) (0.5)  (0.8)

k=5 k=6 k=7 k=8 k=5 k=6 k=7 k=8
-45787 -45729 -45792 -45886 -42877 -43007 -43155 -43328
0.6)  (0.9)  (1.0)  (1.0) 07)  (0.8) (1.6)  (0.8)

Table 4: Log marginal likelihood estimates using MDFM

MDFM-exact MDFM-cross MDFM-cross-sv

pp=1 po=2 py=3 pp=1 po=2 py=3 pe=1 p2=2 py=3
py =1 -51867 -49622 -49382 -47210 -46809 -46739 -43527 -43163 -43161

02)  (0.3) (0.4 02)  (0.4) (0.4 (1.3)  (14)  (1.4)
pr =2 -49603 -47130 -46572 -46897 -46557 -46164 -43304 -42951 -43024
0.3)  (0.4) (04 04) (04 (0.7 (2.0)  (0.9)  (2.9)

pr =3 -49285 -46847 -46177 -46928 -46553 -46087 -43406 -43075 -43027
04)  (05)  (0.9) 0.6)  (0.9) (0.8 (1.3)  (12)  (1.4)

Figure (13| shows the estimates for row loading matrices (the first and second panel from
left) and column loading matrices (the third and fourth panel). In specific, the two sub-
plots correspond to 1&,1 (first), 1&,2 (second), ]§,71 (third) and ]/_5;,72 (fourth). Both the size
(row) loadings and the BE/ME (column) loadings have shown cross-sectional patterns.

Particularly, the small-cap factor exerts a strong influence on smaller portfolios, with its
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impact gradually decreasing as portfolio size increases, eventually turning negative for
large-size portfolios. The medium-cap factor similarly influence portfolios with similar
sizes, with its influence tapering off as the portfolio size shifts either smaller or larger.

Similar patterns go for BE/ME factors.

A A B. B.
1 1 1 22 ,1 15 22
1
1
0.5 0.5 0.8
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0
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Figure 13: Estimates for row loading matrices (the first and second panel from left) and
column loading matrices (the third and fourth panel). The gray area represents the 90%
credible interval.

Figure [14] shows estimated posterior densities, histograms of posterior draws, priors, as
well as the posterior estimates of autoregressive coefficients (p) for the factor evolution
process. All the six posterior densities have little mass on value 0, and the posterior
estimates are around 0.2 or 0.3. This suggests that an AR process for factor evolution is

supported by the data.
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Figure 14: Posterior densities, histograms of posterior draws, priors and posterior esti-
mates for autogressive coefficients p

Figure [15 shows the estimates and standard deviations of stochastic volatility for stock
returns over time. Clearly, the volatility of stock returns exhibits considerable variation
throughout the observed period. Notably, the volatility peaks around February 2000,
about one month before the onset of the dot-com bubble burst. Additionally, signifi-
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cant spikes in volatility are observed during the 2008 financial crisis and the COVID-19

pandemic.
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Figure 15: Estimates and standard errors of stochastic volatility: exp(h/2)

6 Conclusion and Future Research

In this paper, we propose a new class of dynamic factor models tailored to high-
dimensional matrix-valued time series, incorporating cross-sectional correlations in the
idiosyncratic components, time-varying volatility and outlier adjustments. We develop
an MCMC algorithm for Bayesian estimation and introduce an importance-sampling
estimator for the marginal likelihood to facilitate Bayesian model comparison. Monte
Carlo simulations demonstrate the accuracy of the factor estimates and the ability of
the marginal likelihood estimator to correctly identify the true model. Applications to
macroeconomic and Fama-French panels highlight the model’s ability to uncover inter-

esting structures in high-dimensional data.

This research opens several avenues for future work. First, a structural matrix factor
model could be developed to study the transmission of shocks across countries. Second,
it would be valuable to assess the forecasting performance of matrix factor models com-
pared to traditional approaches using vectorized panels. Finally, the current specification
requires the number of factors to match the product of the matrix dimensions; a sparse
matrix factor model could be designed to automatically select the most relevant latent

factors.

34



References

AGUILAR, O. AND M. WEST (2000): “Bayesian dynamic factor models and portfolio

allocation,” Journal of Business ¢ Economic Statistics, 18, 338-357.

Bar, J. (2003): “Inferential theory for factor models of large dimensions,” Econometrica,
71, 135-171.

Ba1, J. AND P. WANG (2015): “Identification and Bayesian estimation of dynamic factor
models,” Journal of Business € Economic Statistics, 33, 221-240.

BHATTACHARYA, A. AND D. B. DUNSON (2011): “Sparse Bayesian infinite factor mod-
els,” Biometrika, 98, 291-306.

CARRIERO, A., T. E. CLARK, AND M. MARCELLINO (2015): “Bayesian VARs: speci-

fication choices and forecast accuracy,” Journal of Applied Econometrics, 30, 46-73.

(2016): “Common drifting volatility in large Bayesian VARs,” Journal of Business
& Economic Statistics, 34, 375-390.

(2024a): “Capturing Macro-Economic Tail Risks with Bayesian Vector Autore-
gressions,” Journal of Money, Credit and Banking, 56, 1099-1127.

CARRIERO, A., T. E. CLARK, M. MARCELLINO, AND E. MERTENS (2024b): “Address-
ing COVID-19 outliers in BVARs with stochastic volatility,” Review of Economics and
Statistics, 1-15.

CHAMBERLAIN, G. AND M. ROTHSCHILD (1983): “Arbitrage, Factor Structure, and

Mean-Variance Analysis on Large Asset Markets,” FEconometrica: Journal of the
Econometric Society, 1281-1304.

CHAN, J. C. (2017): “The stochastic volatility in mean model with time-varying parame-
ters: An application to inflation modeling,” Journal of Business € Economic Statistics,
35, 17-28.

(2023): “Comparing stochastic volatility specifications for large Bayesian VARs,”
Journal of Econometrics, 235, 1419-1446.

CHAN, J. C. AND E. EISENSTAT (2015): “Marginal likelihood estimation with the cross-
entropy method,” Econometric Reviews, 34, 256—285.

35



— (2018): “Bayesian model comparison for time-varying parameter VARs with

stochastic volatility,” Journal of applied econometrics, 33, 509-532.

CHAN, J. C. AND I. JELIAZKOV (2009): “Efficient simulation and integrated likelihood
estimation in state space models,” International Journal of Mathematical Modelling
and Numerical Optimisation, 1, 101-120.

CHAN, J. C. AND Y. QI (2024): “Large Bayesian Matrix Autoregressions,” Available at
SSRN 4855762.

CHANG, J., J. HE, L. YANG, AND Q. YAO (2023): “Modelling matrix time series via a
tensor CP-decomposition,” Journal of the Royal Statistical Society Series B: Statistical
Methodology, 85, 127-148.

CHEN, B., E. Y. CHEN, S. BOLIVAR, AND R. CHEN (2024): “Time-Varying Matrix
Factor Models,” arXiww preprint arXiv:2404.01546.

CHEN, E. Y. AND J. FAN (2023): “Statistical inference for high-dimensional matrix-

variate factor models,” Journal of the American Statistical Association, 118, 1038-1055.

CHEN, E. Y., R. S. TsAy, AND R. CHEN (2020): “Constrained factor models for
high-dimensional matrix-variate time series,” Journal of the American Statistical As-

sociation.

CHIB, S. AND E. GREENBERG (1994): “Bayes inference in regression models with ARMA
(p, q) errors,” Journal of Econometrics, 64, 183—-206.

CHiB, S., F. NARDARI, AND N. SHEPHARD (2006): “Analysis of high dimensional

multivariate stochastic volatility models,” Journal of Econometrics, 134, 341-371.

CoGLEY, T. AND T. J. SARGENT (2005): “Drifts and volatilities: monetary policies
and outcomes in the post WWII US,” Review of Economic dynamics, 8, 262—-302.

Cong, Y., B. CHEN, AND M. ZHOU (2004): “Fast Simulation of Hyperplane-Truncated

Multivariate Normal Distributions,” Bayesian Analysis, 1.

CRross, J. AND A. POON (2016): “Forecasting structural change and fat-tailed events

in Australian macroeconomic variables,” Fconomic Modelling, 58, 34-51.

36



Fama, E. F. AND K. R. FRENCH (1992): “The cross-section of expected stock returns,”
the Journal of Finance, 47, 427-465.

Forni, M., M. HALLIN, M. Lipp1, AND L. REICHLIN (2001): “The Generalized Factor

Model: One-Sided Estimation and Forecast,” Tech. rep., mimeo.

HE, Y., X. Kong, L. Yu, X. ZHANG, AND C. ZHAO (2024): “Matrix factor analysis:
From least squares to iterative projection,” Journal of Business & Economic Statistics,
42, 322-334.

JACQUIER, E., N. G. PoLsON, AND P. E. Ross1 (2004): “Bayesian analysis of stochas-
tic volatility models with fat-tails and correlated errors,” Journal of Econometrics, 122,
185-212.

KASTNER, G., S. FRUHWIRTH-SCHNATTER, AND H. F. LoPEs (2017): “Efficient
Bayesian inference for multivariate factor stochastic volatility models,” Journal of Com-
putational and Graphical Statistics, 26, 905-917.

LEE, J., S. Jo, AND J. LEE (2022): “Robust sparse Bayesian infinite factor models,”
Computational Statistics, 37, 2693-2715.

LEE, S.-Y. AND X.-Y. SONG (2002): “Bayesian selection on the number of factors in a

factor analysis model,” Behaviormetrika, 29, 23-39.

LENzA, M. AND G. E. PRIMICERI (2022): “How to estimate a vector autoregression
after March 2020,” Journal of Applied Econometrics, 37, 6883—699.

L1, M. AND M. SCHARTH (2022): “Leverage, asymmetry, and heavy tails in the high-
dimensional factor stochastic volatility model,” Journal of Business € Economic Statis-
tics, 40, 285-301.

Liu, X. AND E. CHEN (2019): “Helping effects against curse of dimensionality in thresh-

old factor models for matrix time series,” arXiv preprint arXiv:1904.07383.

Lopes, H. F. AND M. WEST (2004): “Bayesian model assessment in factor analysis,”
Statistica Sinica, 41-67.

NOBILE, A. (2000): “Comment: Bayesian multinomial probit models with a normaliza-

tion constraint,” Journal of Econometrics, 99, 335-345.

37



PoNCELA, P., E. Ruiz, AND K. MIRANDA (2021): “Factor extraction using Kalman
filter and smoothing: This is not just another survey,” International Journal of Fore-
casting, 37, 1399-1425.

QIN, L., Y. WANG, Y. ZHU, AND B.-C. SHIA (2025): “Bayesian Dynamic Matrix

Factor Models,” Journal of Business & FEconomic Statistics, 1-13.

SARGENT, T. J., C. A. Sivs, ET AL. (1977): “Business cycle modeling without pre-
tending to have too much a priori economic theory,” New methods in business cycle
research, 1, 145-168.

STOCK, J. H. AND M. W. WATSON (2005): “Implications of dynamic factor models for
VAR analysis,” .

(2012): “Dynamic Factor Models,” The Ozford Handbook of Economic Forecast-

mg.

(2016): “Core inflation and trend inflation,” Review of Economics and Statistics,
98, 770-784.

WanG, D., X. Liu, AND R. CHEN (2019): “Factor models for matrix-valued high-

dimensional time series,” Journal of econometrics, 208, 231-248.

Yu, L., Y. HE, X. KONG, AND X. ZHANG (2022): “Projected estimation for large-

dimensional matrix factor models,” Journal of Econometrics, 229, 201-217.

Yu, R., R. CHEN, H. X1A0, AND Y. HAN (2024): “Dynamic matrix factor models for
high dimensional time series,” arXiv preprint arXiv:2407.05624.

38



A Proof of Propositions

A.1 Proof of Proposition 1

Proof of Proposition 1: Without the loss of generality, we prove one of the two cases in
Proposition . That is, we assume Var(w;) = I,,,, and A is a lower-triangular matrix
with ones on the diagonal, while B is a lower-triangular matrix with strictly positive

diagonal elements.
As shown in (A.12), we may identify a rotation of F, given by CF,D’.

Y, = AC"'CF,D'(D)"'B' + E, (A.12)

where C and D are p; X p; and ps X ps invertible matrices.

We use f‘t to denote the rotated factor matrix: f‘t = CF;D’, and we use E to denote the
vectorized Fy: f, = (D ® C)f;.

Let ~ _
1 0
921 1
i . C11 Clp1
A= ‘ =
p;1 Ap2 1
. Cpi1 - Cpipy
[07%%} apn2 R

Then the rotated factor loadings AC™! needs to be a lower triangular matrix with ones

on the diagonal as well, that is,

1 0 1 0 0
*
C11 ... Cip . . . .
= (A.13)
1 * * 1
Gpy1 Ap2 Api1 Ap2 -
. Cpr1 -+ Cpipy . .
* * *
p1  Ap2 o gy, Upy Qpy o Gy
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For (A.13) to hold, we must have ¢; ; = 0 for any ¢, j such that ¢ < j and ¢;; =1, or C™*

is lower triangular with ones on the diagonal.

Similarly,
by 0 .. 0 (5, 0 .. 0]
b b 0 b3 b5 0
?l ?2 . di .. dip, ?1 ?2 . :
S (A.14)
bp2 1 bp2 2 .- bp2p2 dp2 . dp2p2 bp1 1 bp1 2 bp%pz
b b e D | b D e D, |

For ([A.14) to hold, we must have d;; = 0 for any i,j such that i < j, or D! is lower
triangular given the assumption that b; # 0, b}; # 0, for i = 1, ..., ps.

Define f; = vec(F;). Consider the case ¢ = 1, we rewrite (2)) as follows
ft = prt—l + Uy, (A15)
where H, is a diagonal matrix with p = (p114,..., Ppips) oOn the diagonal. u, =

(UL 1ty ey Upy pot)s W ~ N(0,Ay), where Ay = diag()\il/(l — pil), ey /\12)17132/(1 — 1012214)2))
for t =1, and A; = diag(A,,..., A2 ) fort =2,..,T.

T p1L,p2

Define M = D ® C, multiply (A.15) by M on both side, we have

Mft = Mprt,1 + Mut. <A16>

Therefore
f, = MH,M'f,_, + Mu,. (A.17)

The observation equation after the rotation becomes

Y, = AC'F,(D')'B' + E,. (A.18)
Given the condition that Var(u;) = I,,,,, Var(Mu,) should be an identity matrix as well.
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That is, MVar(u, )M’ = L,,,,. Therefore, we have MM’ =1,,,,,. Or M is an orthogonal

matrix. Therefore, we have
MM =1 DeC)(D®C) =1< (DD')® (CC') =1,

which holds if and only if DD’ = I,, and CC’ = I,,, given that C and D are lower

triangular matrices and the diagonal elements of C is ones.

This means that C and D are orthogonal matrices. An orthogonal matrix that is lower
triangular must be diagonal. Therefore, the rotation matrix C is an identity matrix.
Given that b; > 0 for ¢ = 1, ..., ps, we must have that the rotation matrix D is also an

identity matrix.

This proves that the proposed assumptions in MDFM1 fully identify the factor matrix

and the factor loading matrices.

A.2 Proof of Proposition 2

Proof of Proposition 2: Similar to the proof of proposition 1, the rotated factor loadings
C~! needs to be a lower triangular matrix, as shown in . Additionally, given we
have ones on the diagonal of A, C~! needs to have ones on its diagonal as well. Similarly,
D! needs to be a lower triangular matrix with ones on its diagonal. Therefore, the

matrix M is a lower triangular matrix with ones on its diagonal.

Again, we need Cov(Mu,) = Cov(w), i.e., MA,M' = A;, where A, is a diagonal matrix.
Given that the diagonal elements in A; must be larger than 0, this requires that m, ; for
all i > j must be zero, for MA;M’ to only have non-zero terms on its diagonal and match

A;. Therefore, M must be identity matrix.

This proves that assumptions [I} [] and [f] fully identifies the factor matrix and the factor

loading matrices.
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B Bayesian Estimation for MDFM with Stochastic
Volatility

Recall the dynamic factor model for matrix-valued time series with stochastic volatility

Yt = AFtB/ -+ Et7 VeC(Et) ~ N(O,thC & E?“)) (Blg)
VeC(Ft) = leVeC(Ft_l) + ...+ HqueC(Ft_q) + U, u; ~ N(O, At), (B20)

where A is a n X p; matrix of factor loadings, B is a k£ X py matrix of factor loadings, F,
is a p; X po latent matrix-valued time series of common factors, E; is a n x k idiosyncratic
component, vec( - ) is a vectorizing function, H,, is a diagonal matrix of autoregressive
coefficients (p14, ..., Ppipoi)s L = 1,...,¢, and A, is a covariance matrix for the error in

factor evolution process.

We use a natural conjugate prior for the transpose of factor loadings: A’ and B’. In

addition, we use inverse-Wishart prior for 3, and X.:

3, ~IW(,,S,), (vec(A)|Z,) ~ N(vec(Ay), E, @ Var), (B.21)
3.~ IW(1,,S.),  (vec(B)|E,) ~ N (vec(B)), = ® V). '

The autoregressive coefficient p;;; is assumed to have a truncated normal prior on the
interval (—1,1):

pj,k,l ~ TN(pj,k,l,Ov‘/pj,k’l)a ] = 17 -y P1, k= 17 -y P2, l= 17 e q.

. . 2 . . . .
The prior variance Aj, is assumed to have a inverse-gamma prior: ZG(vy,,,S,,). We

also treat the first ¢ factors as unknown, and use the following prior

Fire ~ N\ 0, - —<=7" , l=1,....q.

m=1 p?,k,m
For identification, we use assumptions [I], ] and 5] We employ Markov Chain Monte

Carlo (MCMC) methods to obtain a draw from the joint posterior of the latent factors

and parameters of the model. Specifically, the following steps are carried out:
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1. Sampling from (A’ %,|Y,B,F,X.)
We sample (A’, ¥,) conditional on the latent factors and other parameters from a normal-

inverse-Wishart distribution:
(Al, Er| ’ ) ~ NIW(Kla K;}a /I/\T7 §7‘)7

where

T T
Ka =Vy +Y w 'FBS'BF, A =K, (V;}Ag +) wglFtB'zle;)
t=1 t=1

T
Dy =v,+Th, S, =8, +AVaAl+ > w 'Y, 5'Y, — AKa/A'.

t=1

With the constraints for identification, we cannot directly sample from the above normal-
inverse-Wishart distribution. Here we outline the sampling scheme for A’ with the struc-
ture constraints. To that end, we first represent the restrictions as a system of linear
restrictions. For example, for A’, we represent the restrictions that A is a lower tri-
angular matrix with ones on the diagonal using Ma/vec(A’) = ag. Assuming n > py,
Mas = (m; ;) is a p1(p1 +1)/2 x npy selection matrix, and ag is a py(p1 +1)/2 x 1 vector
consisting of ones and zeros. Then we apply Algorithm 2 in Cong et al.| (2004) or Algo-
rithm 1 in [Chan and Qi (2024) to efficiently sample (vec(A')| - ) ~ N (vec(A’), 3, @Ky)
such that Ma/vec(A’) = ap. In particular, one can first sample vec(A’)) from the uncon-

strained conditional posterior distribution in Step 1, and then return
vec(A') = vec(A)) + (£, @ K )M}y, (Ma/(Z, ® K;})Mg,)fl (ag — Masvec(Al)),

which can be realized by the following four steps:

(1) Compute C = Cx1 ® Cx,,, where Cy,1 is the lower Cholesky factor of X!, and
Cx,, is the lower Cholesky factor of Ka;

(2) Solve CC'U = M/,, for U;

(3) Solve M/ UV = U’ for V;

(4) Return vec(A’) = vec(Al) + V'(ag — Marvec(Al)).

2. Sampling from (B, 3.[Y, A F. %,)
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Similar to step 1, (B, X,) are drawn from a normal-inverse-Wishart distribution:
(B, =] - )NIW(B', Kg!, 7., S.),

where

T T
Kp = Vg + Y w 'FJAS'AF, B =Ky (VB}Bg + ZwtngA/zrlYt>
t=1 t=1

T
D.=ve+Tn, S.=S.+BoVg'Bj+ > w 'YX 'Y, - BKpB'

t=1

We sample (B,3.-) in two steps. First, we sample X, marginally from
(.| Y, A F,%,) ~ IW(gc, Ve + T'n) with the normalization restriction that o.;; = 1.
This can be done using the algorithm in Nobile (2000) described below. Then we sim-
ulate (vec(B') | Y, A, F,3,, 2,) ~ N(vec(B), Z. ® Kg!), which can be done using the
algorithm described in step 1.

The algorithm in |[Nobile| (2000) can be realized by the following steps:

(1) Exchange row/column 1 and n in the matrix S,.. Denote this matrix as SI™"s,
(2) Construct a lower triangular matrix A such that
i fore=1,...,n—1;
® Onn = (lnn) Y, where 1, is the (n, n)-th element in the Cholesky decomposition
of (STmans)=1 denoted as L
e 0;; equal to N'(0,1) random variates, i > j.
(3) Set X. = (L7 'Y(A-tyA~ L~
(4) Exchange the row/column 1 and n of 3. back.

e J;; equal to the square root of X%c

3. Sampling from (vec(F;)|Y, A, B, X, 3, w? p),t=1,...,T
We sample the factors by ¢. Specifically, conditional on parameters, vec(F;) from a normal

distribution:
(vee(Fy)| - ) ~ N (£, K¢ ),

where

Ki, = w; 'B'ES'BoA'STA+A™Y, £ =K' [0 (B'S; @ A'S Yvee(Y,) + A Hpf, 1] .
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Step 4. Sampling from (A2, [f;x,p;k), J=1,..,p,k=1,...,p

It is clear that ()\ik\fj,k,pj,k) ~ ZG(Vx,,; 5N, ), where Dy, = vy, + %, and Sy, =
1 2 2 T 2
Snie + 3 | 20iet [ (L= 20 Piaem) + 2iega (fime — Piei fige—1 — o — Pimafing) } :

Step 5. Sampling from (p;/fjx, A7,), Jj=1,..,p,k=1,...,p

Note that p;; is a ¢ x 1 vector: pjr = (pjr1,---:Pjkg)- We rewrite as follows:

£ =Fjrpin + Wik, i~ N0\ Ir ), (B.22)
where f; . = (fjkq+1,---- fipr), and
fika fike o Jikg
~ Jik2 fiks o Jikgn
Fijr= . .
fjvva_q fjvva_q+1 T f]vva

Following (Chib and Greenberg| (1994) and Chan and Jeliazkov| (2009), we design an
Metropolis-Hastings algorithm with proposal pj , ~ N(pjks K;jlk), where K, = nglk +
f‘;kﬁjk/)\gk, pir =K, (V! piro+ ﬁ;kﬁk/Afk) The proposed value p%, is accepted
with probablity

a (p p* ) —min{1 fN(fj:k:11q|07 /\?,k/(l - Zm p;k,%c,m>:[q)
MH ks M, - ) .
PR (B 1:0|0 AT/ (1= 32, 05 ) o)

5. Sampling the time-varying volatility
For clearer illustration, assume that we have only one type of time-varying volatility. The

following three steps correspond to each type.

5.1 Common stochastic volatility: sampling from (h|Y, A F, B, X X,)

The conditional posterior for h is not a standard distribution. In this paper, we follow
Chan| (2017) for this purpose. In particular, we first obtain the mode of the log density
of (h|-) as well as the negative Hessian evaluated at the mode, denoted as h and Ky,
respectively. Then we use N/ (ﬁ, K, 1) as the proposal distribution, and sample h using an
acceptance-rejection Metropolis-Hasting step. Samplers for ¢ and o? are standard and

we omit the details in this paper.
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5.2 The explicit outlier components: sampling from (o,p,|Y, A, F, B, 3. %,)

We follow |Stock and Watson| (2016) to discretize the support of o; to simplify estimation.
Specifically, we use a grid with points at 1,2, 3, ..., 20. The likelihood can be easily evalu-
ated at these grid points. Finally, a draw from the full conditional posterior distribution

of o, can be obtained using the inverse transform method.

The conditional distribution of p,, is a Beta distribution:

(poi Oi) ~ B(apoi + na, bpoi + nl)a

where n; = Zthl I(0;+ = 1) is the number of “regular” periods, and ny = T—Zthl I(o;: =

1) is the number of “outlier” periods.

5.3 Fat-tailed innovations: sampling from (¢?|Y, A F, B, X, %), t = 1,....T
Conditional on the factors and parameters, the posterior for ¢? has an inverse-gamma

distribution:

(@] +) ~ZG((nk +1)/2,(s{ +1)/2),

where s? = tr[X.1(Y; — AF,B)X(Y; — AF,B)].
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C Estimating Marginal Likelihoods

This section describes the method we use to obtain integrated likelihood and the
importance-sampling densities and the choice of the importance sampling density. For

illustration, we consider ¢ = 1.

C.1 Integrated Likelihood

Model can be rewritten as follows

y: = (B (039 A)ft + Et, Ep N(O, Zc (24 27«>,

) . . (C.23)
f|P7QNN(O7 [Hp(IT®Q) HP] ) )
System ((C.23|) can be rewritten as follows
y=Ir® A®B)f+e, e~N0Ir®X.3%,)),
) . . (C.24)
f|p,ﬂ~/\f<0, [H (I @ Q)"H,)] ) .
It is easy to integrate out f and we can get the following likelihood
y | A‘7 B? EC? 2T7Q7PNN(y’ ]:_)y)’ (C'25)
where
y = E[E (y | f,A,B,EC, Ervﬂap) | A,B,Ec, E’I‘vﬂap]
=E[(Ire B A)f|A B, X3, Q,p
=(I;® B A)E[f|A,B, X, %, Q p
= 07
and

Dy, =E{|[Var(y | f,A,B, 2., %,,Q,p) | -} + Var (Ely | f,A,B, 2., %,, Q]| -)]
=r9%.0% +(Ir®BoA)H,(I; Q) 'H,)| (I e B ® A).
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It can be very costly to compute the inverse of the covariance matrix f)y. Therefore,
here we use Kalman filter. In particular, it is not difficult to show that the marginal

distribution for f; = vec(F,) is as follows:

(fl | P, A) NN(OuAl)
(ft|p’A>NN(OaAt+HpAt—1H;3)7 7(;:27"%71

where for t =2,...,T, Ay = diag(A\};, A3, ..., A2 ), and for t = 1, Ay = diag(A? /(1 —

P1,p2

p%,l)v )\g,l/<1 - p%,l)? sy )‘gl,pg/(l - p;201,p2))' HP = diag(pl,bpllv s pp1,p2)

Therefore, the integrated likelihood at time t is:
(yt | A, B> Eca 27“) ~ N(Oa ]:_)Yt)7

where

D, =X.93,+(BA)A (B @A)
Dy, =3.®%, +(BRA)(A+H,AH)B ®A"), t=2..T

)

C.2 Finding the Optimal Importance-sampling Densities

The next step is to find the maximum likelihood estimators for the hyperparameters in

the importance-sampling density. The importance-sampling density is denoted as

f(0;v) = (A, X,Q,p;v) (C.26)
= f(A7K7]T)A> : f(zcu \Pa Vc) ' f(zm \I]h Vr) : f<)\7 Ux, S)\) ' f(p7 pa Ep)

In terms of the parameteric family, we use Gaussian density for f(A;A,D,), where
A and D are the corresponding mean and covariance matrix. We use inverse Wishart
densities for f(3.;v., V,) as well as f(X,; v, U,). We use inverse gamma density for We
use the truncated normal density on the interval (—1,1) for f(p;p,D,), where p and D,
are the corresponding mean and covariance matrix. we use inverse-gamma distribution

for f(A; vy, S)).

In order to obtain the maximum likelihood estimators for the parameters in inverse
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Wishart distribution, we first use maximum likelihood estimation on the Wishart dis-
tribution given the posterior samples, and then compute the degree of freedom and scale

matrix of the inverse Wishart distribution using Lemma 1.

Lemma 1: X follows an inverse Wishart distribution if K = X! follows a Wishart

distribution, formally expressed as
S~IWe(6—d+ 1,07 e K=3"~W,(0,¥), (C.27)

where d is the dimension of the matrix 3, ¢ is the degree of freedom of the Wishart

distribution, and W is the scale matrix.

A Wishart distribution is defined as:

o—d

’K| 2 { 1 —1}
——————exp —=tr(K¥ .
2%|@|§Fd(g) 2 ( )

1

f(K“I]?(S):

We assume that each matrix is drawn independently from the same Wishart distribution
W(W,6). Therefore, we can model the joint distribution as:

M §—d—1

K| 2 1 -1
Ky Ky | 9,6) = [] s exp { —=tr(K, & 1)}
2% [®|2T, (%) 2

m=1
The log-likelihood function is therefore

M M
log f(Ki, ..., Kar [ ¥,0) = — MTlOgQ - 5710%|‘I’| — Mlogly (g) +

§—d—1 1 (& »
TmZ:llogKM — §tr (Tnzﬂ K, ¥ .

The first derivative of the log-likelihood function with respect to the scale matrix ¥ is

equal to
M
leg(f(Kl, 7KM | ‘1’,(5)) M(; 1\1171 Z Km‘llil’

— — \Ilil —
qv 5 *3

(C.28)

m=1

where two results are used
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o|X —
19X = XX,

9, OwAXTH _ -1 AxX-L,

From equation (C.28]) we obtain a function of the MLE of ¥ with respect to the degree

of freedom ¢

T, mle 1 z
T = — K. (C.29)
m=1

In order to obtain the MLE for the degree of freedom, a straightforward way is to find the
first order condition and second order condition to maximize the log-likelihood function

with respect to 6. We then use the Newton-type methods to find the estimate for 5.

In particular, the first derivative of the log-likelihood function after we plug in ((C.29) is

M Z K,

m

9% == (10g2+1)+710g5 7log

M ) 1
- ?1@1 <§> + B ;log|Km|.

(C.30)

The second derivative is

@210gf(K1,...,KM|5) Md M 2) 1
4% 5(5.

04?2 20

Maximum likelihood estimators for parameters for normal distributions and inverse

gamma distributions are straightforward to obtain so that we omit the details here.
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D Additional Simulation Results

Table D.5: Adjusted R? from regressing the true factors on the estimates: p; = 3, py = 2

(n, k) T = 200 T = 500 T = 1000
098 098 099 097  0.98 0.99
(10, 10) 0.98 0.96  0.98 0.98  0.98 0.99
096 096 099 099  0.98 0.99
Average 0.97 0.98 0.98
1.00 098  1.00 099  1.00 0.99
(20,15) 0.97 098 099 0.98  1.00 0.99
0.99 099 099 097 098 0.98
Average 0.98 0.99 0.99
1.00 098  1.00 1.00  1.00 0.99
(30,20) 099 098 099 099  0.99 0.99
0.99 098 098 098  0.99 0.99
Average 0.99 0.99 0.99
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Table D.6: Adjusted R? from regressing the true factors on the estimates: p; =5, p, = 5

(n, k) T = 200 T = 500 T = 1000

0.97 0.98 0.95 0.97 0.97 0.99 0.98 0.97 0.95 0.97 0.99 0.99 0.99 0.98 0.98

0.96 0.97 094 0.97 0.97 0.98 0.97 097 0.93 0.97 0.98 0.97 098 0.97 0.98
(10, 10) 0.97 0.96 097 0.97 0.97 0.97 0.96 0.95 0.92 0.98 0.98 0.97 0.98 0.98 0.98

0.96 0.96 0.93 0.95 0.96 0.97 0.98 0.96 0.94 0.98 0.96 0.96 0.95 0.95 0.97

0.95 0.96 0.95 0.93 0.95 0.98 0.97 096 0.91 0.96 0.99 0.98 0.98 0.97 0.98
Average 0.96 0.96 0.98

0.99 099 099 0.99 0.96 0.99 098 099 0.98 0.99 099 099 099 0.99 0.97

099 099 099 098 094 0.99 097 099 0.97 0.99 0.99 099 099 0.99 0.98
(20, 15) 0.99 0.99 0.99 0.98 0.96 0.99 098 098 0.97 0.99 099 099 099 0.99 0.97

098 098 098 0.98 0.98 099 095 098 0.97 0.98 099 099 099 0.99 0.97

098 097 098 097 0.95 0.98 097 096 0.96 0.96 099 098 099 0.98 0.97
Average 0.98 0.98 0.99

1.00 1.00 0.99 0.99 0.92 1.00 0.99 1.00 0.99 0.99 0.99 0.99 0.99 0.99 0.99

0.99 0.99 0.99 0.99 0.97 0.99 1.00 0.99 0.99 0.99 1.00 0.99 0.99 0.99 0.99
(30,20) 0.99 0.99 0.99 097 0.96 1.00 0.99 0.99 0.98 0.99 0.98 0.99 0.99 0.98 0.99

0.97 0.98 0.99 0.99 0.91 0.98 0.99 0.99 0.97 0.99 1.00 0.99 0.99 0.99 0.99

0.99 0.99 0.98 0.99 0.97 0.97 0.99 0.98 0.97 0.98 0.99 0.99 0.99 0.99 0.99
Average 0.98 0.99 0.99
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E Data: Multinational Macroeconomic Panel and
Fama-French 10 x 10 Panel

Table describes the list of variables we use for the first application. We attach the
link of the website we downloaded the specific variable to the variable name in the table.

The second column of is the stationarity transformation for each variable.

Table E.7: List of variables

Variable Transformation
Real GDP No transformation
Consumption Alog(z)
Labor unit costs Ax
Unemployment Ax
Headline CPI Ax
Energy CPI Ax

Food CPI Ax

Core CPI Ax
Imports Alog(x)
Exports Alog(x)
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https://data-explorer.oecd.org/vis?df[ds]=dsDisseminateFinalDMZ&df[id]=DSD_NAMAIN1%40DF_QNA_EXPENDITURE_GROWTH_OECD&df[ag]=OECD.SDD.NAD&df[vs]=1.0&pd=1990-Q1%2C2024-Q1&dq=Q..OECD%2BTUR%2BG7%2BUSA%2BGBR%2BCHE%2BSWE%2BESP%2BPRT%2BNOR%2BNZL%2BNLD%2BMEX%2BLUX%2BKOR%2BJPN%2BITA%2BISR%2BDEU%2BFRA%2BFIN%2BDNK%2BCAN%2BAUT%2BAUS...B1GQ......G1.&to[TIME_PERIOD]=false&vw=ov
https://data-explorer.oecd.org/vis?df[ds]=dsDisseminateFinalDMZ&df[id]=DSD_NAMAIN1%40DF_QNA_EXPENDITURE_USD&df[ag]=OECD.SDD.NAD&df[vs]=1.1&dq=Q..OECD%2BG7%2BUSA%2BGBR%2BCHE%2BSWE%2BESP%2BPRT%2BNOR%2BNLD%2BNZL%2BMEX%2BLUX%2BKOR%2BJPN%2BITA%2BIRL%2BDEU%2BFRA%2BFIN%2BDNK%2BCAN%2BAUT%2BAUS.S1M..P3.....LR..&pd=1990-Q1%2C2024-Q2&to[TIME_PERIOD]=false
https://data-explorer.oecd.org/vis?fs[0]=Frequency%20of%20observation%2C0%7CQuarterly%23Q%23&fs[1]=Topic%2C1%7CEconomy%23ECO%23%7CProductivity%23ECO_PRO%23&pg=0&fc=Topic&snb=1&df[ds]=dsDisseminateFinalDMZ&df[id]=DSD_PDB%40DF_PDB_ULC_Q&df[ag]=OECD.SDD.TPS&df[vs]=1.0&dq=OECD%2BUSA%2BGBR%2BCHE%2BSWE%2BESP%2BPRT%2BNOR%2BNZL%2BNLD%2BLUX%2BKOR%2BJPN%2BITA%2BIRL%2BDEU%2BFRA%2BFIN%2BDNK%2BCAN%2BAUT%2BAUS.Q.ULCE..IX...S.&pd=1990-Q1%2C2024-Q1&to[TIME_PERIOD]=false
https://data-explorer.oecd.org/vis?fs[0]=Topic%2C1%7CEmployment%23JOB%23%7CUnemployment%20indicators%23JOB_UNEMP%23&fs[1]=Reference%20area%2C0%7CAustralia%23AUS%23&fs[2]=Reference%20area%2C0%7CAustria%23AUT%23&fs[3]=Reference%20area%2C0%7CCanada%23CAN%23&fs[4]=Reference%20area%2C0%7CSwitzerland%23CHE%23&fs[5]=Reference%20area%2C0%7CGermany%23DEU%23&fs[6]=Reference%20area%2C0%7CDenmark%23DNK%23&fs[7]=Reference%20area%2C0%7CSpain%23ESP%23&fs[8]=Reference%20area%2C0%7CFinland%23FIN%23&fs[9]=Reference%20area%2C0%7CFrance%23FRA%23&fs[10]=Reference%20area%2C0%7CG7%23G7%23&fs[11]=Reference%20area%2C0%7CUnited%20Kingdom%23GBR%23&fs[12]=Reference%20area%2C0%7CGreece%23GRC%23&fs[13]=Reference%20area%2C0%7CIreland%23IRL%23&fs[14]=Reference%20area%2C0%7CIsrael%23ISR%23&fs[15]=Reference%20area%2C0%7CItaly%23ITA%23&fs[16]=Reference%20area%2C0%7CJapan%23JPN%23&fs[17]=Reference%20area%2C0%7CKorea%23KOR%23&fs[18]=Reference%20area%2C0%7CLuxembourg%23LUX%23&fs[19]=Reference%20area%2C0%7CMexico%23MEX%23&fs[20]=Reference%20area%2C0%7CNetherlands%23NLD%23&fs[21]=Reference%20area%2C0%7CNorway%23NOR%23&fs[22]=Reference%20area%2C0%7CNew%20Zealand%23NZL%23&fs[23]=Reference%20area%2C0%7COECD%23OECD%23&fs[24]=Reference%20area%2C0%7CPortugal%23PRT%23&fs[25]=Reference%20area%2C0%7CSweden%23SWE%23&fs[26]=Reference%20area%2C0%7CUnited%20States%23USA%23&fs[27]=Frequency%20of%20observation%2C0%7CQuarterly%23Q%23&pg=0&fc=Frequency%20of%20observation&snb=6&vw=tb&df[ds]=dsDisseminateFinalDMZ&df[id]=DSD_LFS%40DF_IALFS_UNE_M&df[ag]=OECD.SDD.TPS&df[vs]=1.0&dq=AUS%2BAUT%2BCAN%2BCHE%2BDEU%2BDNK%2BESP%2BFIN%2BFRA%2BG7%2BGBR%2BGRC%2BIRL%2BISR%2BITA%2BJPN%2BKOR%2BLUX%2BMEX%2BNLD%2BNOR%2BNZL%2BOECD%2BPRT%2BSWE%2BUSA..._Z.Y._T.Y_GE15..Q&pd=1990-Q1%2C2024-Q2&to[TIME_PERIOD]=false&ly[cl]=TIME_PERIOD&ly[rw]=REF_AREA
https://data-explorer.oecd.org/vis?fs[0]=Topic%2C1%7CEconomy%23ECO%23%7CPrices%23ECO_PRI%23&pg=0&fc=Topic&bp=true&snb=16&df[ds]=dsDisseminateFinalDMZ&df[id]=DSD_PRICES%40DF_PRICES_ALL&df[ag]=OECD.SDD.TPS&df[vs]=1.0&pd=1950-Q1%2C2024-Q2&dq=OECD%2BG7%2BUSA%2BGBR%2BTUR%2BCHE%2BSWE%2BESP%2BSVN%2BSVK%2BPRT%2BPOL%2BNOR%2BNZL%2BNLD%2BMEX%2BLUX%2BLTU%2BLVA%2BKOR%2BJPN%2BITA%2BISR%2BIRL%2BHUN%2BISL%2BGRC%2BFRA%2BDEU%2BFIN%2BEST%2BDNK%2BCZE%2BCOL%2BCAN%2BBEL%2BAUT%2BAUS.Q.N%2BHICP.CPI.PA.CP01%2B_TXCP01_NRG%2BCP045_0722%2BSERV%2B_T.N.GY&to[TIME_PERIOD]=false&vw=tb&ly[cl]=TIME_PERIOD&ly[rs]=METHODOLOGY%2CEXPENDITURE&ly[rw]=REF_AREA
https://data-explorer.oecd.org/vis?fs[0]=Topic%2C1%7CEconomy%23ECO%23%7CPrices%23ECO_PRI%23&pg=0&fc=Topic&bp=true&snb=16&df[ds]=dsDisseminateFinalDMZ&df[id]=DSD_PRICES%40DF_PRICES_ALL&df[ag]=OECD.SDD.TPS&df[vs]=1.0&pd=1950-Q1%2C2024-Q2&dq=OECD%2BG7%2BUSA%2BGBR%2BTUR%2BCHE%2BSWE%2BESP%2BSVN%2BSVK%2BPRT%2BPOL%2BNOR%2BNZL%2BNLD%2BMEX%2BLUX%2BLTU%2BLVA%2BKOR%2BJPN%2BITA%2BISR%2BIRL%2BHUN%2BISL%2BGRC%2BFRA%2BDEU%2BFIN%2BEST%2BDNK%2BCZE%2BCOL%2BCAN%2BBEL%2BAUT%2BAUS.Q.N%2BHICP.CPI.PA.CP01%2B_TXCP01_NRG%2BCP045_0722%2BSERV%2B_T.N.GY&to[TIME_PERIOD]=false&vw=tb&ly[cl]=TIME_PERIOD&ly[rs]=METHODOLOGY%2CEXPENDITURE&ly[rw]=REF_AREA
https://data-explorer.oecd.org/vis?fs[0]=Topic%2C1%7CEconomy%23ECO%23%7CPrices%23ECO_PRI%23&pg=0&fc=Topic&bp=true&snb=16&df[ds]=dsDisseminateFinalDMZ&df[id]=DSD_PRICES%40DF_PRICES_ALL&df[ag]=OECD.SDD.TPS&df[vs]=1.0&pd=1950-Q1%2C2024-Q2&dq=OECD%2BG7%2BUSA%2BGBR%2BTUR%2BCHE%2BSWE%2BESP%2BSVN%2BSVK%2BPRT%2BPOL%2BNOR%2BNZL%2BNLD%2BMEX%2BLUX%2BLTU%2BLVA%2BKOR%2BJPN%2BITA%2BISR%2BIRL%2BHUN%2BISL%2BGRC%2BFRA%2BDEU%2BFIN%2BEST%2BDNK%2BCZE%2BCOL%2BCAN%2BBEL%2BAUT%2BAUS.Q.N%2BHICP.CPI.PA.CP01%2B_TXCP01_NRG%2BCP045_0722%2BSERV%2B_T.N.GY&to[TIME_PERIOD]=false&vw=tb&ly[cl]=TIME_PERIOD&ly[rs]=METHODOLOGY%2CEXPENDITURE&ly[rw]=REF_AREA
https://data-explorer.oecd.org/vis?fs[0]=Topic%2C1%7CEconomy%23ECO%23%7CPrices%23ECO_PRI%23&pg=0&fc=Topic&bp=true&snb=16&df[ds]=dsDisseminateFinalDMZ&df[id]=DSD_PRICES%40DF_PRICES_ALL&df[ag]=OECD.SDD.TPS&df[vs]=1.0&pd=1950-Q1%2C2024-Q2&dq=OECD%2BG7%2BUSA%2BGBR%2BTUR%2BCHE%2BSWE%2BESP%2BSVN%2BSVK%2BPRT%2BPOL%2BNOR%2BNZL%2BNLD%2BMEX%2BLUX%2BLTU%2BLVA%2BKOR%2BJPN%2BITA%2BISR%2BIRL%2BHUN%2BISL%2BGRC%2BFRA%2BDEU%2BFIN%2BEST%2BDNK%2BCZE%2BCOL%2BCAN%2BBEL%2BAUT%2BAUS.Q.N%2BHICP.CPI.PA.CP01%2B_TXCP01_NRG%2BCP045_0722%2BSERV%2B_T.N.GY&to[TIME_PERIOD]=false&vw=tb&ly[cl]=TIME_PERIOD&ly[rs]=METHODOLOGY%2CEXPENDITURE&ly[rw]=REF_AREA
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Figure E.16: The ten macroeconomic indicators (by columns) for 19 countries (by rows).
The horizontal axis represents time and the vertical axis represents the standardized
growth rates. The ranges of the vertical values are not the same. The order of countries
and indicators is the order adopted in the estimation.
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Figure E.17: The return series of the portfolios structured by different levels of sizes
(rows) and book equity to market equity ratio (columns). Note that we have rearranged
the order of rows and columns. The horizontal axis represents time and vertical axis
represents the standardized monthly returns. The ranges of the vertical values are not
the same.
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F Additional Results: Fama-French 10 x 10 Panel

Estimates for X
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Figure F.18: Heatmap of estimates for X,
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Figure F.19: Heatmap of estimates for 3,
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